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Abstract 

The most general gauge-invariant marginal deformation of four-dimensional abelian 
BF-type topological field theory is studied. It is shown that the deformed quantum field 
theory is topological and that its observables compute, in addition to the usual linking 
numbers, smooth intersection indices of immersed surfaces which are related to the Euler 
and Chern characteristic classes of their normal bundles in the underlying spacetime 
manifold. Canonical quantization of the theory coupled to non-dynamical particle and 
string sources is carried out in the Hamiltonian formalism and explicit solutions of the 
Schrodinger equation are obtained. The wavefunctions carry a one-dimensional unitary 
representation of the particle-string exchange holonomies and of non-topological string- 
string intersection holonomies given by adiabatic limits of the worldsheet Euler numbers. 
They also carry a multi-dimensional projective representation of the deRham complex 
of the underlying spatial manifold and define a generalization of the presentation of its 
motion group from Euclidean space to an arbitrary 3-manifold. Some potential physical 
applications of the topological field theory as a dual model for effective vortex strings 
are discussed. 
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1 Introduction 



Topological quantum field theories |l], § have many applications in both physics and mathe- 
matics (see H for a review). They are characterized by the fact that their partition function 
and observables are independent of the metric of the manifold on which they are defined 
and therefore yield topological invariants of the underlying spacetime. In some cases they 
constitute the effective quantum field theory of physical models where topological phenom- 
ena, for example generalized Aharonov-Bohm effects which arise from adiabatic transports of 
objects around one another, play a significant role. They also provide interesting connections 
between various seemingly disconnected branches of physics and mathematics, the classic 
example being the interelation between knot theory, integrable models and conformal field 
theory |§. 

In this paper we will study a class of Schwarz-type topological gauge theories [[l], ||. One 
of the most widely studied examples of such theories is given by the abelian Chern-Simons 
action 0, |, 1 

S CS [A]= I AAF A (1.1) 

JM 3 

where A is a U(l) gauge connection of a complex line bundle over a 3-manifold Ai^ and Fjy is 
its curvature. The quantum field theory defined by (|1 . 1| ) is strictly renormalizable and has ap- 
peared in a variety of physical applications ranging from string theory || to condensed matter 
physics JO], 0. It provides a phenomenological realization of anyons (see |7|, |[ for reviews), 
i.e. particles in (2 + l)-dimensions with fractional exchange statistics. Its observables yield 
linking numbers of embedded curves in .M 3 [[3], |9| while those of its nonabelian generalizations 
are related to polynomial invariants of knots and links embedded in 3-manifolds |4| . 

A four- dimensional generalization of the topological field theory (|1 . 1| ) is defined by the 
abelian BF action [l], ||, [H| 

S BF [B,A]= ( BAF A (1.2) 

J Ma 

where B is a 2-form field defined on a 4- manifold M.^ and F A is defined as in (|1 . 1| ) . The 
corresponding partition function is related to the Ray-Singer analytic torsion || which is 
a topological invariant of M.^ and its observables compute the linking numbers of embedded 
curves and surfaces in 4-manifolds @, 1~0[ . It has been discussed in connection with a wide 
variety of physical systems which involve vortex-like configurations such as superconductors 



TTJ, cosmic strings II4I , and axionic black holes Recent interest in the nonabelian gener- 



alizations of this model has come from its role as a dual model for quantum chromodynamics 
(QCD) whereby the exchange holonomies are relevant to the quark confinement problem |14[ 



The construction of explicit physical states of the quantum field theory ( |1.2|) which exhibit 



particle-string "fractional statistics" was carried out in [15]. The physical relevance of these 
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holonomies in string theory is discussed in [|16|], and for Nielsen- Olesen strings in abelian Higgs 
models in [iTj-jnj. In addition to their applications in condensed matter physics, these lat- 
ter models have also been relevant to properties of the confining QCD string J2(J and to the 
problem of baryogenesis in electroweak theory |^T . 



Unlike Chern-Simons theory, the quantum field theory defined by the BF action (|1 . 2|) 
is not stable under renormalization. Although it is well established that BF quantum field 
theories are ultraviolet finite in certain gauges f2~2 |, it is still natural to examine the phys- 
ical and mathematical properties of the theory obtained by perturbing the action ( |1 . 2| ) by 
gauge-invariant marginal (or irrelevant) operators. Such deformations can be thought of as 
perturbing the quantum field theory (|1.2|) to an isomorphic one in the associated moduli 
space. In the following we will study the modification of this theory which is obtained by 
renormalizing it via the addition of all truly marginal local operators to the model ( |1.2j ). The 
renormalized model is a deformation of ( |1.2| ) by a non-topological, explicitly metric-dependent 
counterterm, but, as we demonstrate, the resulting action still defines a topological field the- 
ory. This is similar to the usual situation in a topological gauge theory, where the gauge-fixing 
couples the quantum action to the spacetime metric. Nonetheless, the theory is topological 
since the energy-momentum tensor is BRST-exact and therefore has vanishing matrix ele- 
ments in physical states |§, i.e. there are no classical propagating degrees of freedom. The 
renormalized field theory will therefore work to describe the holonomy effects which occur 
in adiabatic transport in a theory of point charges and strings just as well as Chern-Simons 
theory describes anyons. 

The crucial effect of the renormalized BF field theory is that its observables yield, in 
addition to the usual topological linking numbers of embedded curves and surfaces in M.^ 
an effectively computable representation of a novel intersection number of surfaces immersed 
in the manifold. This quantity is only a smooth invariant of the surfaces and is related to 
the geometry of their normal bundles in hA\. It can be expressed in terms of the extrinsic 
geometry of the surfaces and also the Euler and Chern characteristic classes of the normal 
bundles. We shall study this invariant in detail in both an effective field theory formalism 
and in the context of canonical quantization. In the former approach we will see that the 
effective action contains the action for vortex strings with rigid extrinsic curvature term and 
Polyakov #-term. It therefore serves as a dual model for the effective field theory of the QCD 
string (and other vortex-like configurations), but in a much different manner than the usual 
non-topological dual models of QCD do [0. Some properties of these strings then become 
quite transparent when viewed in this dual formalism. A similar sort of relationship was 



established in [23|, where the coupling of dynamical point particles to nonabelian BF gauge 
fields in two-dimensions was considered and related to two-dimensional extended Poincare 
gravity. 
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In the canonical formalism we will find an adiabatic limit of these intersection num- 
bers which in turn defines an adiabatic representation for the Euler numbers of the associ- 
ated normal bundles. The wavefunctions then carry, in addition to the usual particle-string 
holonomies, a one-dimensional unitary representation of a sort of non-topological string-string 
holonomy. These holonomies give interesting representations of the extrinsic geometry of the 
string worldsheets and could have applications in the aforementioned models. By an explicit 
construction of the physical state wavefunctions, we show directly that the physical Hilbert 
space is finite-dimensional and recover all of the properties of the states of ordinary BF the- 



ory |15| ) but in a more symmetric representation with respect to particle and string degrees 
of freedom which also naturally provides a representation of the secondary gauge constraints 
of the theory (|1.2| ) || [TCfl. These properties include a multi-dimensional projective repre- 
sentation of the deRham complex of the underlying spatial 3-manifold and of its associated 
motion group (the generalization of the braid group in Chern-Simons field theory). The latter 
feature was described briefly in |15| and here we shall expand somewhat on the properties of 
this representation. In particular, we find that the BF theory naturally defines the extension 
of the motion group presentation from M 3 to an arbitrary 3-manifold. 

The organisation of this paper is as follows. In section 2 we introduce the perturbed BF 
field theory and establish its topological properties. In section 3 we examine the invariants 
represented by the effective field theory when the gauge fields are coupled to non-dynamical 
particle and string sources, and describe the potential physical applications of this effective 
model to theories of vortex strings. In section 4 we describe the canonical structure and 
reduced phase space of the theory, taking into careful account the reducible gauge symmetries 
that BF field theories possess. In section 5 we construct the physical state wavefunctions 
which solve the gauge constraints and the Schrodinger equation and develop the adiabatic 
representations of the topological linking numbers, the extrinsic intersection indices and the 
Euler numbers. In section 6 we describe in detail the transformation properties of the physical 
states under gauge transformations and adiabatic transports. We also explicitly construct a 
multi-dimensional representation of the motion group which is valid for arbitrary 3-manifolds. 



2 Deformed BF Field Theory 

Consider a real-valued 1-form field A and a real-valued 2-form field B defined on a closed 
orientable four-dimensional spacetime manifold Ai^ with metric g of Minkowski signature. 
These forms can take values in some flat vector bundle over Ai^. They have the abelian 
gauge transforms 

A-^A + x , B^B + i (2.1) 
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where \ is a closed 1-form and £ is a closed 2-form, d\ = d£ = 0. The A field minimally 
couples to the particle current 



f[x) = Y,Qa I dF{r a ) 6^{x,r a (r)) (2.2) 

where 



dF{ra) = dT (2.3) 

is the differential particle worldline element and r£(r) is the imbedding of the worldline L a 
of particle a with charge q a in M.^. It has dimension 3 and satisfies the continuity equation 
= when the worldlines are closed. The B field couples minimally to the antisymmetric 
string current 

TT{x) / rf^(X 6 ) 5^\x,X b (o)) (2.4) 

where 

do» (X b ) = d a e — ^ (2.5) 

is the differential string worldsheet area element and Xjf(a) is the imbedding of the world- 
sheet Eb of string b with electromagnetic flux 0& in M.±. It has dimension 2 and obeys the 
conservation law c^S^ = when the worldsheets are closed. We do not distinguish between 
the worldlines and worldsheets and their imbeddings in M.^ which we assume to be disjoint, 
L a n U b = 0. 

A strictly renormalizable local field theory constructed from these fields must include all 
gauge-invariant operators of dimension 4 or less. The action is then[] 



+ A,f+ l -B, v Y,^ 



(2.6) 



where F = dA is the field strength of A and we use the convention e 0123 = +1. The first 
term in fl2.6| ) is the usual Maxwell term for the gauge field A while the second term is the 
action ( |1.2j ) of topological BF theory. The third term is the usual topological action of four- 
dimensional Yang-Mills theory and is a total derivative. It is non-trivial only on spacetimes 
with non-contractible loops and it does not appear in the classical equations of motion. 



The field equations which follow from the action (2J5) are 



^ vXp F Xp + IT = , -d u F^ + ^ uXp d u B Xp + f = (2.7) 

47T 47T 



^^Here and in the following we will not write explicit metric factors required to make all terms generally 
covariant. 
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The first field equation in ( |2.7| ) confines electromagnetic flux to the string worldsheets and 
gives the analog of the Meissner effect in a BCS superconductor. The solutions of these field 
equations in a covariant gauge d p A^ = d p B^ v = are 

where in this section and the next we shall ignore harmonic zero modes on M.^. Substituting 
(|2.8| ) into ( |2lf ), we see that the effective classical action is 

r[£, j) = d*x {^-^^ - ^e, vXp W^ - ^j%^£^ (2.9) 

The effective action ( |2.9|) shows that there are no propagating degrees of freedom in this 
theory and therefore the action ( |2.6|) essentially defines a topological field theory. Unlike other 
topological field theories, however, the action ( |2.6|) explicitly couples to the spacetime metric. 



Nonetheless, from ( [2.7|) and (|2.1|) it follows that, in the source-free case, the space of classical 
solutions of the field theory ( ]2.6| ) is the finite-dimensional vector space H 1 (M.±) © H 2 (M. i ) 
which coincides with that of the BF field theory ( |1.2|) (H k (M.±) is the deRham cohomology 
group of /c-forms on M.^ with values in a flat vector bundle). The trace-less gauge- invariant 
symmetric energy-momentum tensor is 



8S 



Sg 



fJ,V 



= L^F Xp F Xp -F^F u x (2.10) 
i=s=o 4 



and it vanishes when restricted to flat gauge connections (i.e. classical field configurations). It 
is also possible to prove that the quantum field theory defined by ( |2.6| ) is topological. For this, 
we regard the F 2 terms in the source-free action ( |2.6| ) as a deformation A of the topological 
BF theory flOD, 

S[B, A; 0, 0] = (k/An) S BF [B, A] + A[A] (2.11) 

Consider the local gauge symmetries ( |2.1|) which are parametrized by smooth functions x' 
with x — dx' and 1-forms £' with ^ = d£'. The gauge transformations are then 

5 X ,A = d X ' , S X >B = 

(2.12) 

% A = , <%5 = di' 

For the BF field theory ( |1.2| ), this symmetry is off-shell reducible, and, therefore, in addition 
to the usual ghost fields required for gauge-fixing, there are ghost-for-ghost fields due to the 
secondary gauge invariance 

V£' = d X " (2.13) 



To gauge-fix the invariances (|2.12|), we introduce as usual a Faddeev-Popov 0-form ghost 



field c of ghost number 1 for A, and a 1-form ghost field C\ of ghost number 1 for B. The 
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gauge-fixing of ( |2.13| ) is then achieved by introducing an additional 0-form ghost Co with 
grading 2. One can now introduce the usual Stiickelberg fields and Faddeev-Popov anti-ghost 
fields to write down the gauge-fixed quantum action corresponding to ( |1.2| ) [[| |10[. Here we 



shall work instead in the Batalin-Vilkovisky antifield-antibracket formalism p, |24], po| . For 
each set of fields (A, c) and (B, c\, Co) we introduce the corresponding set of antifields (A*, c*) 
and (B*, 03,04) of dual form degrees (3,4) and (2,3,4) and ghost numbers (—1,-2) and 
( — 1,-2,-3), respectively. The fields and antifields together generate the BRST symmetry 
of the gauge-fixed topological field theory. The classical theory is recovered by setting all 
antifields to 0. The off-shell nilpotent BRST algebra is represented as p4| , |25] 



{Q,cl} + 


= -dc* 3 




= -dA* 




= -dB* 


{Q,A*} + 


= -dB 


{Q,B*} + 


= -dA 


{Q,B} + 


= —dci 




= —dc 




= —dco 


{Q,c} + 


= 




= 



(2.14) 



where 

Q= [ ( B A dA + A* A dc + B* A da + c\ A dco) (2.15) 

J Mi V 7 

is the metric-independent BRST supercharge in the field-antifield representation. The bracket 
in (p,14|) denotes the graded antibracket acting in the Z-graded algebra of functionals of the 
fields and antifields. 



From ( |2.14|) it follows that the deformation in (|2.11|) can be written as 



A[A}= / {Q,*} (2.16) 

where 

* = 5*A(-J *F+£F) (2.17) 

is a gauge fermion field. Here * denotes the Hodge duality operator which is constructed from 
the metric of M.^ and acts on the exterior algebra A.M4. The BRST-exact representation 
of the deformation immediately implies that ( |2.6|) defines a topological quantum field theory. 
To see this, we consider the partition function Z which, ignoring the irrelevant gauge-fixing 
terms for the present discussion^, is given symbolically by the path integral 

Z = J DADB e lS ^ A > ^ (2.18) 
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The gauge-fixing terms for the renormalized field theory (p]q) will be the same as those of the pure BF 



theory (1.2). Consequently, the full gauge- fixed quantum field theory will also be topological in the same way 
that ordinary BF field theory is. Furthermore, the associated Faddeev-Popov determinants and Stiickelberg 

Jacobians will cancel each other in the usual way || . 
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Since all the metric dependence of the action ( |2.6| ) lies in the gauge fermion field ( |2.17| ), the 
variation of ( [2.18| ) with respect to the metric g of is given by 

-^ = M = ({a,Z\) (»»> 



+ i 



where the averages denote vacuum expectation values in the source-free theory ( |2.6| ). By 
gauge invariance, the BRST charge Q annihilates the vacuum of the quantum field theory 
and ( |2.19| ) vanishes. The partition function (|2.18| ) is thus formally independent of the metric 
of M.^ and there are no local degrees of freedom in this model. The same property can 
be derived for the path integral representing the vacuum expectation value of any metric- 
independent gauge-invariant operator (!)[£>, A] (so that {Q, 0} + = 0) of the source-free field 
theory (|276f) . 

The topological gauge theory (|2.6| ) will be henceforth refered to as "deformed BF theory" . 
From (|2.16 ) and (|2.17 ) we see that deformed BF theory is a perturbation of ordinary BF 



theory in which the deformation can be considered as a natural metric-dependent BF term 
involving the Batalin-Vilkovisky antifield of the field B. The gauge fermion field \l/ thus 
depends on fields of the non-minimal sector of this formalism, in that B* is not a gauge- 



fixing field but rather an auxilliary field required to close the BRST algebra ( 2.14 ). This 
is a significant difference between the counterterms in ( |2.6| ) and the usual metric-dependent 
gauge-fixing counterterms that are added to topological field theory actions. These properties 
also distinguish the model ( |2.6| ) from the deformations of BF theory which are dual models 
for Yang-Mills theory P5| , EBI. These models perturb the action (|1 . 2| ) by (gauge non- invariant) 
B 2 terms, and integrating over the B field in the deformed quantum field theory yields exactly 
the Yang-Mills model. 

In the physical sector of the quantum field theory (localized about the classical flat gauge 



field configurations), by definition B* = 0, and thus the partition function of the model (|2.6| ) 
will represent the same topological invariant (the Ray-Singer analytic torsion) of M.\ as that 
of the unperturbed BF field theory ( |1.2| ) |3], |ID| . This will not be true, however, of its 
observables. In the following we shall be interested in the type of holonomy effects that the 
topological field theory ( |2.6| ) describes, i.e. the holonomy which occurs in adiabatic transport 
in a theory of point charges and strings where all other degrees of freedom are heavy. This 
has been extensively studied for the conventional B AF action |15| to which we shall compare 
the properties of the modified theory. 
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3 Holonomy Operators and Effective Field Theory 



In this section we shall examine the topological and geometrical quantities represented by the 
effective action 

r[S,j] = -zlog J DA DB e iS ^ A ^ = -zlog (j[ W[L a ] W[E b ]\ (3.1) 

\ a,b I 

which corresponds to the expectation values of the Wilson line and surface operators W[L a ] = 
expiq a J La A and W[ZV] = exp ^ $ E B for the particles and strings in the pure gauge part 
of ( |2.6| ). It therefore represents the generic gauge- and topologically- invariant observables 
of the quantum field theory. Although in this paper we shall be primarily interested in the 
canonical structure of the quantum field theory (|2.6p , it is instructive to first examine what 



sort of invariants the theory will represent in a covariant framework. From (|2.9|) we see that the 
effective action consists of three separate terms, the first two being string-string interactions 
and the last one particle-string interactions. It represents the holonomy phase factors of the 
covariant particle-string composite states. We shall see that these phase factors can all be 
written in terms of the extrinsic geometry of the strings, and topological and geometrical 
intersection indices. 



3.1 Topological Linking Numbers 

The particle-string interaction term in ( [2.9| ) is the effective action of ordinary BF field theory 
and is a topological linking number of the string and particle trajectories in M.^. To see this, 
we use the explicit representations ( |2T2"| ) and ( |2.4| ) for the sources, the continuity equations 
and Stokes' theorem to write it as 

k JMi □ 
= ~£^Aw/W(^/ D l^ V (!/) (3.2) 

a,b 

where 

I(L a ,Z b )=[ [ 5^ 3 \r a (r),x) = - [ [ 5^ 2 \X b (a),x) (3.3) 

is the covariant linking number of the worldline L a with the worldsheet E b in M.^. Here B(E b ) 
is a volume bounded by the surface E b and D(L a ) is a disk whose boundary is the contour L a 
in A^4. 5^' 3 \x, y) is the Dirac delta-function in the exterior algebra A 1 (A^4(x)) <g> A 3 (.M4(?/)) 
with the property that Im^m S^' 3 \x, y) A a(y) = a(x) for any 1-form a(x) £ A 1 (A^4(x)). Its 
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contour integral over L a defines the deRham current 3-form A^ a |27j which is the Poincare 
dual of L a in A4 4 , i.e. f M A La A a = J La a. Likewise 5^ 2 ' 2 \x, y) is the Dirac delta-function 
in the space A 2 (M 4 (x)) <g> A 2 (M 4 (y)) so that $ Mi{jJ ) <5 (2 ' 2) (x, y) A f3(y) = f3(x) for any 2-form 
j3(x) G A 2 (Ai 4 (x)). Its surface integral over E b gives the deRham current 2-form As b which is 
the Poincare dual of E b in J\4 4 , i.e. j Mi A^ b A (3 = J s [3. The covariant linking number ( |3.3| ) 
can therefore be alternatively written in terms of cohomology classes dual to the worldline 
and worldsheet homology classes as 

I{L a , E h ) = f A La = - [ A Sb (3.4) 

When Aii = I 1 x R 3 , ( |3.3|) becomes the standard Gauss linking integral in four-dimensions 
JT5 . 

The quantity ( |3.3j ) counts the number of times particle a and string b link themselves in 
Ai 4 and is a topological invariant of the particle and string trajectories. This linking number 
is the signed intersection number of the line L a with the volume B(E b ), or equivalently of the 
surface E b with the disk D(L a ), in M. 4 | 

I(L a , E b ) = s S n (p) = _ J2 s § n (p) ( 3 - 5 ) 

P eL a nB(s b ) P e£ b nD(L a ) 

where sgn(p) = ±1 according to whether or not the orientation at the intersection point p 
coincides with that of A4 4 . In the path integral quantization of the field theory, it is the 
linking term ( |3.2|) that endows the effective particle-string composite states with fractional 
exchange statistics. Here the statistics parameter is j-. 



3.2 Extrinsic Geometry of Strings 

The two local string-string interaction terms in the effective action Q2.9| ) can be written in 
terms of local intersection indices and the extrinsic geometry of the string worldsheets in 
Ai 4 . Substituting into the first term of Q2.9|) the explicit form (|2.4j ) of the string current and 
integrating over x, we see that it can be written as 

A 2 

S E IZ] = JL[ d A x S^(x)S^(x) = £ Sf' ] (3.6) 

K JMa hh , 

where 

A 2 

S< E b ' ] = TT^<Pb' f d 2 a^{a)f d 2 a' ^ v (p>) t b ^(a)t^(a') 5^(X b ,(a'),X b (a)) (3.7) 

i\> J S b J 

3 Generically, in d dimensions, a p-surface and a (d — p)-surface intersect transversally at distinct isolated 
points. 
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Here 

is the antisymmetric local area element of the surface Eb obeying the identities 

^WCW = 2 > = (3.9) 

and 

dX£(v)dX bjl (v) 

= -foa ( 3 - 10 ) 

is the induced metric on the string worldsheet formed by the tangent vectors —g^- to Eb C 
Mi±. It has matrix inverse %^( a ) an d determinant 7/&(c). 

The integrals in ( |3.7|) for b = b' are localized onto the subset Cb of the manifold Eb (cr) (g> 
E b (a') of points {cr, cr'} for which X^{a) = X b {a'). It can be decomposed into two dis- 
joint subsets, Ci, = £b HA/&, where £ b = {{a, a'} \ X b (a) = X 6 (cr') •<=>- a = a'} and Mb = 
{{cr, a'} | Xb(cr) = Xb(a'),(J 7^ cr'}. The integrals (ft .7)) for b = b' are then the sum of the 
contributions = Se(£&) + SsiMb) from these two disjoint subsets. In this subsection 
we shall examine the contribution from the subset on which the string functions X b are 
embeddings. The contribution from Mb, which corresponds to twists or self- intersections of 
the immersed surface Eb, along with the b ^ b' terms in (ft.7|) will be described in the next 
subsection. 

To describe these terms, let us briefly recall a few facts concerning the extrinsic geometry 
of embedded surfaces. The embedding of E b in M. A can be used to define the tangent bundle 
TUb over Eb- The fibre over a point cr e Eb is the space of tangent vectors at the point 
Xb(cr) G MI4 (i.e. linear combinations of —Qjpjr ) • The associated normal bundle NE b can 
be similarly defined, with fibre over the point a G Eb t he space of vectors orthogonal to the 
tangent vectors at X b {a). The normal fibres are spanned by normal vectors n be , £ = 1,2, 
which satisfy 

dX^ 

nb,t n b,i'-,iJ. = $M> , nbAp-Q^ = (3.11) 

The extrinsic curvature of the normal bundle is defined by decomposing the Hessian of 
the embedding X b as an endomorphism over the vector space TE b © NE b = TM.4, 

where Tj a/3 is the Christoffel connection on TEb- Note that the intrinsic Gaussian curvature 



Rb of the worldsheet E b is related to the curvature of the induced metric Q3.10]) by 



^6 — ^b,£;a) Kb&pK-b&a (3.13) 
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To evaluate the delta-function in ( |3.7| ) over Eb, we note that it is determined by the 
topology of the normal bundle NEb, because it can defined as the limit of non-singular forms 
with shrinking supports in the neighbourhood of E b , which in turn can be approximated by 
the zero section of NEb- Thus we write 



5 (4 \x,y) = lim i/)\{x,y) 



A^oo 



(3.14) 



where {i/;^(x, y)}Aew.+ is a one-parameter family of smoothly supported functions near x = y 
with j M ★ ipx — 1- Working in Gaussian normal coordinates in the transverse space of E b (i.e. 
in Cartesian coordinates in the fibre of NEb), we can choose ip\(x,y) = C\ e _A2 " x_s/ " 2 where 
\\x\\ denotes the geodesic length of x in M.^. If Ai 4 is an open infinite manifold, then the 
normalization constant C\ diverges as A 4 for A — > oo. In general we are therefore concerned 
with the evaluation of generic integrals of the form 



Zb(<y) = lim Ca / d 2 o' JrjJcr') K.(a,a') e 
A^oo Jz v 



■A2\\X b (v')-X b (*)\\ 2 



(3.15) 



where JC(a, a') is a local integration kernel on E b (a) ®E b (o'). Since for {a, a'} G £ b , X^{a) = 
X^{a') is equivalent to o = a', the geodesic function appearing in the argument of the 
exponential in ( |3.15 ) is a Morse function of a' G Eb with global minimum at a' = a. We 



can therefore apply the stationary-phase approximation to evaluate the integral ( 3.15 ) which 
yields the standard expansion EF 



Z, 



/-i\ £ r 8 2 



^=0,1 



2A 2 



da^da'P 



/C(er, a') 



(3.16) 



-0(A- 



where TCb(cr) is the Hessian of the exponential argument in Q3.15 ) at o' = a. One easily finds 
T-ib,a/3 = Vb,ap and thus 



Z b (a) 



2tt lim 



C A K(a,a) C A r,f(a)d 2 K{a,a> 



A^oo \ A 2 



2A 4 



da a do'P 



(3.17) 



Substituting JC(a, a') = t bttJiU ((r)t b u (cr') , integrating ( |3.17|) by parts over a G E b and using 
the identities (|3.9| ) we arrive at the final result for the first b = b' contributions to ( |3.7| ) . 



S E (£ b ) = fi b I d 2 a Jr] b (a) + — f d 2 a Jr] b (a) % p (a) 



Of 



<9<X° 



where 



167T 5 2 C A 



1 47T d 2 C A 



(3.18) 



(3.19) 
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The first surface integral in fl3.18|) is the area A{E b ) of i n while the second integral 
can be integrated by parts and written in terms of the extrinsic curvature of Eb using ( |3.12| ) 

as 

<?a ^bV) Vfiv) 9 ^^^ = d 2 a v^) KfoWKl^ia) = 4*x${NE b ) 

(3.20) 

Thus the contributions SE(£b) to the action term ( |3.6| ) describe the extrinsic geometry of the 
embedded surfaces in M. A . Note that the curvature term ( |3.2U| ), which is the Euler number 
of the normal bundle NEb, can be written in the form 

X { E{NSb) = J E d2(r ^Vb(v) rft p {o)D bia n$ tt D bi 0n h {.p (3.21) 
and Af, t a-u' = ^b r~E^ ML ^ s an SO (2) connection of the normal bundle NEb- 



3.3 Extrinsic Intersection Numbers 



The remaining contribution 5s(A/&) to the self-interaction terms in (3/7) come from the points 
{a, a'} G Eb{o) ® £b{&') for which X^{a) = Xjf(a') but a ^ a'. The same structure occurs 
for the b ^ b' terms in (|3.7|) , for which only TV-type points contribute. We can therefore write 
the delta-function appearing in (ft.7|) in terms of a delta-function on the space Eb(a) ®Ey(a') 
to get 

K ~ t„.~i\r-\r . J ' •> 

(3.23) 



4tt2 



'■>bW 



E 



bh' 



d 2 a yjrjblja) / d 2 a' y/rjy(p) 



where (X b <8> Xy){Mbv) = E b D Ey and the string worldsheets intersect transversally in M.^ 
at finitely many isolated points X^{ai) = Xy(a[). Here Ji(cr, a') is the Jacobian for the four- 
dimensional coordinate transformation {a a , a' a } — > X^(cr)— Xy (a') on Eb(a)®Ey(a') — > M.±. 
After a Taylor expansion about the points (7j and a-, we can work out this Jacobian at the 
points o = Oi and a' = a[ and we find 



„8ys d*lM gjg(g0 d*M) dXZW 



Substituting ( |3.24| ) into the action 



da a da/ 3 da'~< da' 5 
and integrating over a and a' we have 



(3.24) 



167T 2 

SE(Nbb>) = "G^b, ^V) 



(3.25) 
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where 



= £ ^SsW^^M) (3-26) 



e^ Ap t6, M v(cr)V,Ap(o r 

The quantity ( |3.26| ) is a geometrical intersection number of the surfaces E b and Ey in 
A^4 (for b = b' it is a self-intersection number of Z^). The sign function in ( |3.26| ) is the 
local intersection index of the intersection point p M = X^(a) = X^(cr'), and, since t b ^ v is the 
extrinsic area element, it takes the values ±1 depending on whether or not the orientation 
at p coincides with that of A4a- The factor multiplying each local intersection index is a 
geometrical quantity which measures the transversality of the intersection. It vanishes as the 
normal vectors of Eb at the intersection point p become orthogonal, and it becomes infinite as 



they become parallel. Thus the contributions to (|3.7p from the subsets M b v of points yields a 



signed geometric transversal intersection index of the string worldsheets. 



The intersection number (|3.26|) can also be written in terms of cohomology classes using 
the fact [^| that the deRham current of the surface Eb can be written locally as {A Eb )^ v {x) = 
! Sh da^ v {X h ) 5 {A \x,X b (a)), so that 

v G (E b ,E b ,)=[ A Eb A*A Eb , = f ( *8^ 2 \X b {a),Xy{a')) (3.27) 

J Ma JZb JSy 

This shows that the geometrical intersection number is not a topological invariant of the 
string worldsheets. When b = b' and the Xb are embeddings, then ( |3.27| ) gives the first and 



second fundamental forms of the embedded surface r t in M 4 as described in the previous 
subsection. This follows formally from the global property 

A Eb A A Ey = A EinEb , A X E(NE b n NE ¥ ) (3.28) 

of the deRham current, where xe denotes the Euler characteristic class. If the geometry of 
the normal bundle of Eb is such that its deRham current is self-dual, i.e. *A Eb = A^, then 



( 3.27 ) coincides with the algebraic intersection number of E b and Ey (see the next subsection) 



There exist examples of Kahler 4-manifolds for which this is true |2 



3.4 Topological Intersection Numbers 

Finally, we come to the (9-terHi in the effective action ( |2.9|) , which we can write as 

4tt6 



SV[E] = ~ f d A x e, uXp ^(x)^(x) = £ Sf b,) (3.29) 

K J Mi b y 



where 



s (bb) = f d 2 a yfqhja) f d 2 a' \frjy(a') 



(3.30) 
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The calculation proceeds as before. For the b = b' terms in ( |3.30| ), the contribution from the 
points {a, a'} G S b are calculated using ( |3.17| ) with JC(a, a') = ^ uXp t b ^ u {a)t b ^ p {a') . Because 
of the identities ( |3.9| ), the first term in ( |3.17 ) is absent in this case, and integrating by parts 
over E b we find 



Si(£ b 



where 



1 

4tt Jz b 



16**6 
k 2 ' 

d 2 a 



lim 

A^oo A 4 



v P (E b ) = 6 h v P (E h 



cr 



(3.31) 



(3.32) 



da a da? 
It is the algebraic signed self- 



is the self-intersection index of the worldsheet 2J b 
intersection number of the surface, and it can be related to the Chern number of the normal 
bundle of U b by noting that from (|3.10|) , (|3.12|) and ( |3.9|) we can write (|3.32|) as 

M*) = ^j E d2 ° f 7 X»^W e «' = I ch(1) (NS b ) (3.33) 



where 



(3.34) 



is the Chern number of NS b and F bj ti' = dA b ^i is the curvature of the SO (2) connection 
of the normal bundle defined in ( |3.22 ). Thus the self-intersection index also measures the 
nontriviality of the normal bundle of S b in .M4, and algebraically it is counted by the Chern 
number of the normals. 



Next we evaluate the contribution from Si(J\f bb 
expression ( |3.25| ), we find that it can be written as 

167T0 , 



Following the steps which led to the 



where 



Si(Afw 



k 



b<Pb' VT(£b, £v) 

sgn (e^ x %^{a)t h , Xp {a' 



(3.35) 
(3.36) 



E 

{a,a'}<EAT bb , 

is a topological intersection number of the string worldsheets E b and Ey. As in (|3.27 ) it can 
be expressed in terms of cohomology classes as 



u T (E b ,E b >) = A 

J Mi 



A A 



8^ 2 \X b {a),X v {a')) 



(3.37) 



showing that it is a topological invariant of the string worldsheets. The quantity ( |3.37| ) is the 
algebraic intersection number of the oriented surfaces Ub and E b > ||29|| . When b — b' and the 
X b are embeddings, ( |3.37| ) coincides with ( |3.32|) when the geometry of the normal bundle of 
£ b is such that the Chern class of NS b coincides with the Poincare class of E b . In the effective 
field theory fl2.9|) , the instanton number of the complex line bundle of the gauge theory, given 
by the topological Yang-Mills term in ( j2.6| ), is then the sum of the monopole numbers of the 
normal bundles of the string worldsheets £ b . 
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3.5 Effective String Theory 



Collecting all of the contributions above, we find that the total effective action fl2.9|) of the de- 
formed BF field theory (|2.6| ) can be written in terms of geometrical and topological quantities 

as 



k a,b b V «6 2 



fc 6,6' 



(3.38) 



Each contribution to ( |3.38|) is a diffeomorphism invariant of the embedded trajectories in Ai^, 
as anticipated from the topological nature of the field theory defined by (|2.6|) . The first sum 
in ( |3.38| ) shows that the composite particle-string states in the spectrum of this quantum 
field theory have fractional exchange statistics. The third sum yields analogous fractional 
geometrical and topological intersection phases for the strings. 

The second sum in (|3.38|) has appeared in the context of the extrinsic geometry of the 



QCD string |20|, [H], |32|, and more generally in the effective theory of Nielsen-Olesen vortex 
strings in abelian Higgs field theories fl8|, [19| . The first term is the Nambu-Goto area action 
while the second term is the rigid string action. The last term is the analog of the #-term of 
four- dimensional Yang-Mills theory. It is expected (from scale-invariance and loop equation 
arguments) that the correct string theory for QCD is one in which the Nambu-Goto term 
is absent or irrelevant, and the extrinsic curvature term controls the phase structure of the 
string theory. It is interesting to note that this property is reflected by the forms of the 



induced coefficients (|3.19| ). When M.^ is an open infinite spacetime, the string tension fi b 



diverges, and to make the effective string theory well-defined it should be set to 0. This can 
be achieved in some limiting situtation involving the parameters k and <p b of the deformed 
BF field theory. The only remnants of the action then are the two topological terms, with a 
negative rigidity factor [18|, [T9[| . On the other hand, when Ai^ is a compact manifold, only 
the area form survives, consistent with the cohomological representations ( |3 . 2 7| ) and ( |3.37| ). 



Notice that, for the special periodic value 9 = n of the vacuum angle, when the geometry 
of the string worldsheets is such that their deRham currents are self-dual 2-forms, the sum 
over intersection numbers in ( |3.38| ) vanishes and we are left with a pure effective string theory 
(plus an additional non-local particle-string Aharonov-Bohm interaction [[17], [01 )• This is 



precisely the value of 9 that was found in |32j to be induced by the dynamical cancellation of 
folded string configurations. The deformed BF field theory (|2.6| ) is thus a dual model for rigid 
vortex strings with 9- vacua and additional non-local interaction terms fll9| . This topological 



field theory approach might serve as a useful tool for investigating the physical properties of 
such systems. As we will see, the topological nature of the dual model allows a complete and 
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exact solution of the quantum theory. 



4 Canonical Quantization of Deformed BF Theory 

In the previous section we have uncovered a rich geometrical and topological structure for 
the renormalized theory (|2.6| ) which has many potential physical applications. We can learn 
more about this topological field theory from canonical quantization. We will see that the 
quantization of it will yield some novel quantum representations of the geometrical and topo- 
logical indices, just as the wavefunctions of ordinary BF theory do for the topological linking 
numbers and the cohomology of the underlying manifold. In the following we shall be inter- 
ested in precisely how these objects are realized in the physical sector of the Hilbert space of 
this quantum field theory. In this section we will describe the canonical structure of the field 
theory ( p.6|) , taking into careful account the first-stage reducibility of its gauge symmetries. 
The reduced phase space of similar antisymmetric tensor field theories has been studied in 



We choose the spacetime to be the product manifold Ai^ = Rx M3, where R parametrizes 
the time and Ai% is a 3-manifold without boundary. We may then work in an adiabatic limit 
of the field theory in which the temporal components of the particle and string source fields 
parametrize their worldlines and worldsheets, i.e. r°(r) = r and X®(a l ,a 2 ) = a 1 . The 
temporal components A and B 0i are Lagrange multipliers which enforce the local gauge 
constraints 

-ViF^ + ^-V-B+fmQ , -^e ijk F jk + S 0i « (4.1) 

Z7T 4:71 

where B % (x) = \e l ^ k Bj k [x) and e yfe = e 0t ^ k . From ([4.1] ) it follows that, when .M3 is compact, 
A and B are only globally defined differential forms 011 M3 when the total particle charge 
and total string flux vanish, J2aQa = Y^b'Pb = 0. When they are non-zero, the fields are 
instead sections of a non-trivial complex line bundle over .M3 and the action ( |2.6| ) must 
be appropriately modified P4"| . From a physical point of view, the restriction to vanishing 



charge and flux sectors of the theory on a closed space is natural by flux conservation. We 
shall assume this constraint on the source currents in this paper. Some aspects of abelian BF 



theories on topologically non-trivial line bundles have been discussed recently in ||35|| . 
The canonical momenta in the temporal gauge Aq = B^ = are 



71 



SA 



= A* - -e ijk F jk , K ij = 

j=E=0 7T SB 



'J 



= ^ k A k (4.2) 



and in this gauge we may invoke the strong equalities 71 = 7r Ul = [33]. They yield the 
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non-vanishing canonical Poisson brackets 

{A(x),^(y)} p = ^^(x,y) , {Bv(x),iP(v)} p =(5W-5i5f)6W(x,v) (4.3) 
and the canonical Hamiltonian 



H 



[ d 3 x 




>M 3 





-e ijk F jk ) + -FijF^ — Aif — -BuTj 



7[ 



'.I 



4 



(4-4) 



We therefore have to quantize the constrained dynamical system with Hamiltonian 
Poisson brackets Q4.3|) and primary constraint functions 

X\ j (x) = ^(x) - ^ k A k (x) 



X 2 {x) 
X\(x) 



V-ir(x)-^V-B(x)-f(x) 

k 



(4.5) 



— e ljk F jk {x) + S 0i (xi 
An 



The constraints A a ~ are first class constraints in the Dirac classification of constrained 
systems [Q, since they generate an abelian Poisson-Lie algebra 

{A a ,A fe } P = , a, b = 1,2, 3 (4.6) 
Secondary constraints are generated by the compatibility conditions for the primary con- 



straint functions (|4.5|) given by 



Q 

— X a — {A a , H} P + c a Xb 







(4.7) 



where c a b is a 2-cocycle of the abelian Poisson-Lie group generated by the A a 's. This yields 
the additional constraint function 



X'Ar) ~'(.r) - ^% k (x) + y jk F jk {x) 





— i 

7T 



It has vanishing Poisson bracket with itself and with A2, but non- vanishing Poisson brackets 
with Ai and A3 in 



{X\ j (x),X k (y)} p = ^ k 5^(x,y) , {Xl(x),X{(y)} p = -± e ^ k V k 5^(x,y) (4.9) 



There are no tertiary constraints, owing to the first-stage reducibility of the gauge theory, 
and (|4.5|),(|4~8|) constitute the complete set of constraint functions for the dynamical system. 



We shall choose the pair Ai, A4 as second class constraint functions and impose the strong 
equalities 

h ... 9.7T ... R ... 

(4.10) 



n V = —e^ k A k 

Z7l 



7T = — e h, jk e J b jk 

K 7T 
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Then the remaining phase space variables have the non-vanishing Dirac brackets 
{Mx),Bi(y)} D = [ Ai {x),B\y)} p 

d 3 x' d 3 y> {^),A a (a/)} p (O a V,2/) {W),B j (y)} p 

(4.11) 

where C a b = {A a , Xb}p is the Poisson bracket matrix of the constraint functions for a, b = 1, 4. 
The constrained Hamiltonian is 

r /4tt 2 1 1 \ 

H = j M <fx l-jTrVvW + - Af - -B^A (4.12) 



with the additional first class constraints determined by the pair A2, A 



3- 



— V-S-— V-B-j°«0 , —e ljk F jk + J: 0i ^0 (4.13) 

K ATI 47T 

where = \e ijk Y? k . 
From the identity 

JL V ■ E = -Ify (e^^E Ap ) = (4.14) 

and those for S and F we see that the constraint functions in (|4.13|) are time independent. 
These constraints will be treated as physical state conditions in the quantum field theory. 
From ( |4.11|) it follows that the non-vanishing canonical quantum commutators of the field 
theory are 

Ai(x), B j (y)] — 5f S^(x, y) (4.15) 
J k 

Notice that, in the absence of sources, the Hamiltonian Q4.12|) vanishes only on the physical 
subspace of the entire Hilbert space. This again reflects the "mild" topological nature of 
deformed BF theory, i.e. that the gauge fermion field introduced by the deformation is 
constructed from the conjugate momentum to the ghost field associated with the curvature 
constraint of the field theory, as we discussed in section 2. In this sector, the reduced classical 
phase space of the source-free field theory is the finite-dimensional vector space 

V = H\M 3 )®H 2 (M 3 ) (4.16) 

The physical Hilbert space therefore contains topological information and yields quantum 
field theoretical representations of the deRham complex of the 3-manifold M3, as is the usual 
case in topological gauge theories. This space is studied in detail in the next section. 
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5 Construction of the Physical Hilbert Space 



We now assume that .M3 is a compact, path-connected, orientable 3-manifold without bound- 
ary, and let p be the dimension of its first and second homology groups^]. From the induced 
Euclidean-signature metric of we can construct the dual forms j and £ of the vector fields 
( |2.2j ) and ( |2.4|) . The field A restricted to A4 3 can be decomposed into exact, co-exact and 
harmonic forms using the Hodge decomposition 

A = d-d + *dK' + a e a e (5.1) 

where {c^}f =1 G ^(M.^) is an orthonormal basis of harmonic 1-forms and * denotes the 
Hodge duality operator defined with respect to the metric of The harmonic basis of 

1-forms is chosen to be Poincare dual to a canonical homology basis of 2-cycles of .M3. 
Choosing an orthonormal basis {f3z\ p l=l G H 2 (Ai 3 ) of harmonic 2-forms in an analogous way, 
these generators have the normalizations 

/ a e A*a k = fa A *(3 k = S ik , / a t A (3 k = M tk (5.2) 
JM-i Jm 3 Jm 3 

where Mg k is the inverse of the topologically-invariant, positive-definite integer- valued linking 
matrix M kl of the homology 1-cycles with the homology 2-cycles [|15|, p7| . The scalar field 
the 1-form field K' and the harmonic coefficients ae are formally given by 

V 2 tf = *d * A , d * dK' = F 

r (5-3) 

a e (t) =M ke AAp k 
Jm 3 

Similarly, the Hodge decompositions of the 1-form fields *B, j and *£ over are 

*B = dd' + *dK + b e *f3 e 

VV = *dB , d*dK = d*B (5.4) 

b\t) = M tk [ B A a k 
JM 3 



] = duj , + *dn + Je M M * i3, 



k 





dr 

VV=— ±- , d*dQ = dj (5.5) 



4 The ensuing construction also applies to the case where M3 is flat Euclidean 3-space. There p = and 
we assume that the fields vanish at infinity. 
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*£ = dw + *dlT + Z e M lk a k 
V 2 ro = *d£ , * d * dlT = — ^ dx* ( 5 6 ) 



T 5t \ Js >® J 



where r$ is a fixed basepoint in .M3 and the surface Ub{t) represents the string worldsheet 
projected onto .M3 with boundary the string Xf,(t, a) at time t. In ( |5.5|) and ( |5.6|) we have 
used the continuity equations d^j 11 = c^X^ = and the explicit forms ( |2.2|) and (|2.4j ) of the 
sources. 

It is convenient to introduce a holomorphic polarization for the harmonic components of 
the gauge fields |~5| . Consider the 2p-dimensional phase space ([4.16 ) of harmonic forms which 



represents the topological degrees of freedom of the gauge fields that remain when there are 
no sources present. On this space we introduce a complex structure defined by a symmetric 
p x p complex-valued matrix p such that — p is an element of the Siegal upper half-plane. Its 
imaginary part defines a metric 

G ek = -2M pi Im Ppq M qk (5.7) 
on V and the desired polarization is defined by the complex variables 

7 £ = a 1 + M ml p mk b k , f = a 1 + M m£ p mk b k (5.8) 



In terms of the above decompositions, we find that the canonical quantum commutator Q4.15 ) 
can be represented by the derivative operators 

, 2ni 15 , . 2ni 5 

nx) = —vi-m ' * F *w = ir p «6K&j (59) 

-t _ 2n ' Qtk d 

k d~f k 

where Pij is the symmetric transverse projection operator on A 1 (M.3) defined by 



V l P tJ = V J P l3 = , PijA j =Ai-Vi[ V ■ A ) (5.10) 



and denotes the scalar Laplacian with its zero modes removed. The projections onto 
the subspaces orthogonal to the zero modes can be achieved using time-independent gauge 
transformations and the vanishing condition on the total flux of the sources. 

Substituting fl5.1|) -(|5T6D and ( p.9| ) into fl4.12| ) and integrating by parts, we find that the 



quantum Hamiltonian can be decomposed into two commuting pieces as H = Hi + H?- The 
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local Hamiltonian Hi depends only on the local parts of the fields, 



(fx 



M 3 



dj° 2m <T 



1 dt k 3 5Kj 



A lJ 5Kj K 5K K 



(5.11) 



where Vf = *d * d is the Laplacian acting on co-exact 1-forms. The topological Hamiltonian 
Ht depends only on the global harmonic parts of the fields, 



4-7T^ 27T? / \ f) 

H T = ^M kl M ml ^ m + z(S m - p mn M nt j t )M m »G pk >y k - — (£* - Pkm M ml ]f ) M kn 



k 2 



d'y 71 
(5.12) 

where Gik is the matrix inverse of G ek . In the Schrodinger picture, we can therefore separate 
the variables K and 7 and solve for the physical state wavefunctions in the form 



(5.13) 



5.1 Local Gauge Symmetries and Adiabatic Linking Numbers 

The local wavefunctionals \p£ must solve the first class constraints ( |4.13| ), which using the 



representations (|5.9|) can be written as 



S Att \ 

' ^— + t)-—V- E(x, t) * L [&, K; t] 



k 



(5.14) 



iPl 



J 5Kj(x) 



+ YT(x,t) )V L [0,K;t] = 



They are solved by wavefunctionals of the form 



* L [ti,K;t] =exp 



An. 



% d 6 x |tf(a;) (TOM) - yV-E(i,t) ) + Ki(x)E u \x,t) 



*L(*) 

(5.15) 

These wavefunctionals transform under the time-independent local gauge transformations in 
(12.11) which are exact, 



(5.16) 



Ai -> Ai + v,\' , By -> s fi + v,<; - v,c 

This gauge symmetry is represented projectively in the states (|5.15 ) as 
= exp 



Air. 



1 l M d s x { X '(x) (j°(x,t)-—V-Z(x,t)) + £(x)£ 0l (x,t) 



*L[&,K;t] 

(5.17) 



21 



in terms of a non-trivial local U(l) x U (1) 1-cocycle. The remaining piece ^(t) is determined 
from the Schrodinger equation 

i^% hyB k&,K, r ,t] = H% hys t&,K, T ,t] (5.18) 
which using ( |5.11| ) shows that it contains two contributions, 

fc L ( t)= e *0*'(^')W)) (5 . 19) 



In this subsection we shall discuss the first contribution to the local wavefunctionals (|5.19 ) 
which is the particle-string term 

>M 3 



C(t) = ^-f d 3 x (w(x,t)f(x,t) -QAx^^&t)) (5.20) 

k JM:i V ' 



This integral was evaluated in using the relations (|5.5| ), (|5.6|) , ( ^2[ ), (|2~4l ) and shown to 
give 



c(t) = — E ^# + y*(*)M M £ Sfc(t,) (5 - 21) 



where 



<S> ab (t)=4n /* (7 ^ 2 )(r a (t'),X 6 (t',a) 
+ 47rET2^(r«(t)) ( / *#; 



df(r a (0) 



(5.22) 



A^O 

is the generalized solid angle function on M3. Here the Dirac delta-function is defined as 
described in subsection 3.1 except now over M. 3l and ip\{x) are the orthonormal eigenfunctions 
of the scalar Laplacian operator on Ai 3 with eigenvalue A 2 , 

V 2 ^ A (x) = *rf*# A (x) = A 2 ^A(x) , / Va*?Aa' = 5aa' (5.23) 



M 
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Note that the Dirac delta-function S^(x,y) E A°(M 3 ) (or <5 (0 ' 3) (x, y) E A°(M 3 (x))(^A 3 ( y M 3 ( y y))) 
can then be represented in terms of the completeness relation 

5 ( - 3 \x,y) = Y.Mx)My) or 5™(x,y) d 3 y = *6®(x,y) = $>a(x) ® (5.24) 

A A 

If we further introduce a basis of orthonormal co-exact 1-forms ■?/>- which are the eigenstates 
of the Laplacian operator V 2 with eigenvalue A 2 , 

V 2 4 c) = *d * d^f = A 2 4 c) , / # A *V4? = ( 5 - 25 ) 

then the delta-function S^' 2 \x, y) E A 1 (Ai3(x)) ® A 2 (_Ms(?/)) can be represented in terms of 
the completeness relation |1| 

5 (1 ' 2) (^, i/) = - E #a(x) y #A(y) + E 4 C) (*) ® + ® Mm£ ^(^) ( 5 - 26 ) 
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The function ( |5.22| ) depends only on the topological classes of the particle and string 
trajectories in A4 3 and it represents the solid angle formed by a string along Xb(t, a) relative 
to a particle at r a (t) |I5f . It has the property that it changes by 47r everytime that a particle 
is adiabatically transported around a fixed string (for which E\,(t) is constant and only the 
first term in ( |5.22[ ) contributes), or a string around a fixed particle in the opposite direction 
(for which r a (t) is constant and only the second term in ( |5.22| ) contributes), as long as these 
trajectories do not intersect. $ a &(t) is the multivalued angle function that one anticipates 
in a theory of adiabatic transports, and we see that the first term in (|5.19|) represents the 
non-trivial particle-string linkings. It is that part of the full wavefunction that represents 
the exotic exchange holonomies between particles and strings and is easily seen to be the 
adiabatic limit of the covariant linking number in (|3.3| ) that arises in the effective field theory. 
When = M. 3 the function (|5.22j) reduces to the usual form of a solid angle [15[j. 



5.2 Adiabatic Intersection Indices and Euler Numbers 



In this subsection we will evaluate the second contribution to ( |5.19| ) which is given by the 
string-string term 
2 

S(t) = / d 3 x (-4w(x, t)V 2 w{x, t) + ATi'Ax, t)(V 2 lT) l (x, t) + S ,(x, t)E 0i (x, tj) 

k z J M 3 V / 

(5.27) 

For this, we use the completeness relations (|5.24j ) and (|5.26 ) along with (|5.6| ) and ( p.4|) to 
write 



(c) 



z 0l (x,t)dx i = E^Evf 0*0 (7 v> 



(5.28) 



The 1-form II' is then written in terms of these eigenstates using (|5.6). Substituting these 
decompositions into ( |5.27| ) and integrating by parts using ( [5.23D and (5.25) we then have 



47T 2 

S(t) = -TJ- E 
K 6,6' 



1 d 







A 2 dt \Ju b (t) J dt \Jz bl (i) / 



g i (L I (4 W ^r) - 1 s; 2 (L <) [L At) 



(c) 

(5.29) 
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Integrating the first two terms in ( 5.29|) by parts over time gives 



2tt 2 

S(t) = -rr E 

K b,b> 



d 2 



E 



dt2 I t^o ^ 2 \JZb(t) 



*dtp), 



*dip > 



+ 



E 

A^O 
d 2 



(c) 



*1p 



(c) 



dt 2 \\JE b (t) 



^ A 2 [V^W / dt V E b'(t) J dt 2 \Js b (t) 



A^O 
A^O ^ 

-IE 

A^O 



d 2 



) + 



5 2 



E b (t) A / <9t 2 W^f/W A J dt 2 \JS b (t) 



(c) 



8S b (t) 



(«0 



*-0 



(c) 



9^,(4) 



(«0 



(5.30) 



The first three terms in G5.30| ) can be combined together to give the Dirac delta-function 
*5 ( - 1 ' 2 \x 1 x') G A 2 (.M 3 (x)) <g> A 2 (.M 3 (x')) with x(t) G E b (t) and x'(t) G 27y(t). The fourth 
term can be rewritten using the harmonic coefficients £^(t) in (|5.6| ) and Hodge duality to 
relate the harmonic 1-forms and 2- forms by *ae = M M f3k- In this way we arrive finally at the 
expression 

- 2 d ft 



where 



S(t) 



T w (t) = 8vr 2 |- f f *5<- 1 > 2 Hx b (t,<T),X v (t,<T')) +87r 2 E E [N£ b (t) nNE v (t)] (5.32) 

dt J E b (t) J Ey{t) V 7 

is the generalized intersection number of the projected surfaces E b {t) and Ey(t) onto M 3 
with 



1 _ dT w (*) , 4vr 



dt 



47T (7 /"<• 

_ M u M mt _ j ^ dt , Sfe(t)Sm(t ') (5.31) 
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^(f) A 7 <it' 2 \Js b ,(t') A / dt' 2 \Js b (t') 
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*V4 



(c) 



«V(f) 



*#A 
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(c) 



(5.33) 
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Unlike the solid angle function ( |5.22j ), this intersection function is not a homological 
invariant of the surfaces Under a homologically trivial motion Zjb(t) + dB^it) 

of a given string for some volume Bj,(t) C M.3, using Stokes' theorem we find that the function 
(|5.32| ) for b 7^ b' changes by 

5T w (t) = -16tt 2 f dt' E ^7 1 / V-a(x) d 3 aA f / *# A ) (5.34) 
"'- 00 a^o ^ v B b(t') J dv \Jz b i(t r 



which is non-vanishing in general. It is, however, a smooth invariant of the projected world- 
sheets. This is anticipated since (|5.32j ) represents the adiabatic limit of the extrinsic inter- 
section index in M.^ which we studied in section 3. If string V is held fixed and string b 7^ b' 
is adiabatically transported through space, then only the delta-function in (|5.32j) contributes 
and it counts extrinsic intersections of £b(t) and Each such intersection essentially 

contributes 8ir 2 to the function Y(,&/(£). The time derivative acts to give an extrinsic variation 
in the normal direction to M3 and it is the adiabatic analog of the transversality factor in 
( |3.26| ). The function ( |5.33|) in general acts to make the adiabatic intersection index well- 
defined for b — V '. When b — b' and the surfaces do not self- intersect, then the delta-function 
term in ( |5.32j ) and the last sum in ( |5.33| ) represent the adiabatic area form of S^t) while the 
remaining terms in ( |5.33| ) are the adiabatic limits of its extrinsic curvature form. 

Thus the second term in (|5.19|) represents a non-topological string-string holonomy term 
which takes into account the intersections of the strings and also the extrinsic geometry of their 
worldsheets. The function S^fiVZ^t) n NEy(t)] is the adiabatic limit of the Euler numbers, 
which provide global corrections to the local intersection indices in terms of the geometry and 
topology of the projected normal bundles of the string worldsheets in K x A4 3 (see Q3.21|) and 
( 3.28| )), and also of the transversality factor in ( 3.26|) . This follows from the way that it is 
explicitly related to the spectrum of the Laplace-Beltrami operator of .M3 and that the one- 
forms dip\, ip~^ and *dip^ can be regarded as connections on N£f,(t). T &&/(£) yields another 
sort of multivalued "angle function" in the wavefunctions of the deformed BF theory which 
is very different from the usual surface-surface linking termsQ Note that it is not possible to 
generically write down an adiabatic limit of the topological intersection numbers which we 
encountered in subsection 3.4, so that the canonical quantization procedure of section 4 has 
consistently removed such potential topological string terms from the Hamiltonian. 



5 For example, these intersection indices are different than those found in |37j] where the coupling of dy- 
namical point particles to BF gauge fields was considered. The classical observables in this case are related to 
mod 2 intersection numbers of p-chains and (d— p)-chains, as well as the construction of global step functions, 

on (i-dimensional manifolds. 
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5.3 Global Gauge Symmetries and Cohomology Representations 



The topological wavef unctions in ( |5.13| ) represent the windings of the sources around non- 
contractible cycles in From (|5.12|) and the Schrodinger equation ( |5.18|) we see that they 
have the form 



^r(7; t) = exp 



dt' (S m (t')-p m n(t')M"^(i'))M mp G pfc7 fc 
M ke M m£ f dt' £ fe (t')£ m (t') - \ f dt' (£ m (f) - Pmp M pi j e {t: 

J — CO rv J — CO 



k 2 

x M^G qr M kr f dt" (Z k {f) - p ks M sn Jn (t" 

J — oo ^ 



CO 

*o(t;*) 



(5.35) 



where the function \I>o is a solution of the equation 

^-f^-^^M-^M ,5,6) 
The equation (|5.36|) is solved by any function of the form 

Mr,t) = (7' - yM M f jt' (E fc (0 - p kn M nm Jm (t'))) (5.37) 



The function \l/ is fixed by requiring that, in addition to the local gauge invariance ( [4.13 ), 



the theory also be invariant under large gauge transformations which are not connected to the 
identity in V, i.e. those forms in (|2.1|) which are not exact and have non-trivial cohomological 
parts. For a consistent quantum theory, this global gauge symmetry must be restricted to 
those forms in Q2.1|) which have integer- valued cohomology [HJ, i.e. J L x and J^^ are integer 



multiples of 2tt. When there are no sources present the wavefunctions \&o should coincide with 
the cohomological states which represent the invariance of the quantum field theory under 
these winding transformations. 

In the source-free case the local gauge constraints (|5.14|) imply that the physical state 
wavefunctions are functions only of the global harmonic variables 7. Moreover, the Hamil- 
tonian then vanishes when acting on these states and so they are also time independent. In 
terms of the holomorphic polarization (|5.8|) the restricted global gauge transformations are 



7*-> 7^ + 2vr(n £ + M mi p mk m k ) , 7^ f + 2tt(^ + M mt p mk m k ) (5.38) 

where n e and m are integers. The invariance of the physical states under the winding trans- 
formations ( [5.38 ) has been studied in detail in |15[] for the case when the coefficient k of the 



BF term in (|2.6| ) is of the form k = Mk±/k2, where M > is the integer-valued determinant 
of the linking matrix and k\ and h% are positive integers with gcd(Mfc l5 k 2 ) = 1. We shall 
henceforth consider only these values of k. This invariance condition is then uniquely solved 
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by the (Mkik 2 ) p independent holomorphic functions |T 

c+q 



(?) 



(7) = e {k/^)l l G lkl k Q Mkika 

d 



Mkt 



-Mk x k 2 p 



(5.39) 




Mk\k 2 and G are the doubly semi-periodic Jacobi theta-functions 



exp \irc(n e + c e )U lk (n h + c k ) + 2m(n e + c e )(z e + d t ) 

{n e }eZP 



(5.40) 



which are well-defined and holomorphic for c e ,de G [0,1], {zg} G C p and II = [11^] in the 
Siegal upper half-plane. 

The wavefunctions (|5.39|) are orthogonal in the inner product on V determined by the 
canonical coherent state measure for the holomorphic polarization Q5.8|) . The basis of states 
(|5.39| ) thereby produces an orthonormal basis of the full physical Hilbert space. They are 
well-defined functions on the reduced topological phase space 



V red = H 1 (M 3 )®H 2 (M 3 )/T G 



(5.41) 



where Tq = Z p © Z p is the torsion-free part of the integer cohomology group H l (M.^ Z) © 
H 2 (Ai 3 ; Z). The free parameters c and d appearing in ( |5.39|) can then be fixed by choosing 
a spin structure on the complex p-torus ( 5.41|) . From the transformation properties of the 
Jacobi theta-functions under the modular group Sp(2p, Z) (acting on the matrix p) it follows 
that the physical observables of the quantum field theory are independent of the choice of 
phase space complex structure, as expected from the topological properties of the theory. 

If we denote the unitary quantum operators that generate the large gauge transformations 
( 5.38 ) on the Hilbert space by U(n,m), then the wavefunctions ( |5.39| ) transform under them 



as 



where the unitary matrices 
[U(n,m)] qq 



(7) = E[ f/ ( n > m )W ^0 



(7) 



(5.42) 



exp 



— (c e M n 
k 2 v 



, e n m + dim e + q e M me n m ) - iirkn m M me m 



dq e -k 1 Mm e ,q' k 

(5.43) 

generate a (fc 2 ) p -dimensional projective representation of the group Tq of large gauge trans- 
formations. The projective phases here are non-trivial global U(l) p x U(l) p 1-cocycles and 
are cyclic with period k 2 . The topological part of the full wavefunction therefore carries a 
non-trivial multi-dimensional representation of the discrete group Tq representing the wind- 
ings around the non-trivial homology cycles of Ai 3 . The invariance of the physical state 
wavefunctions under these global gauge symmetries partitions the Hilbert space into super- 
selection sectors labelled by the integer cohomology classes of Ai 3 , and thus the quantum 
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states of the deformed BF theory provide novel quantum representations of the cohomology 
ring H 1 (M.' i ) ® H 2 (M.z). When combined with the explicit time dependence ( |5.19| ), we shall 
see in the next section that the full wavefunctional also carries a multi-dimensional projective 
representation of the algebra dual to the algebra of large gauge transformations. 



6 Transformation Properties of the Physical States 



We will now examine the properties of the basis of full physical wavefunctions ( |5.13| ), which is 
given by combining together all of the components (|5.15| ), (|5.19|) , ( |5.21|) , Q5.31D , (|5.35|) , (|5.37|) 
and ( |5.39| ). Using ( |2.2| ) and ( |2.4j ), after some algebra we arrive at the total wavefunction 



+«E& / 



da 



dXt(t,a) 



da V ^W*^))- T ^ dt 

-^J2^b[^ab(t) -$afc(-00)J - — g <f) b (f) b > [T W (t) -T W (~Oo] 
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h 97T? rt rt' 

f 7 fc <W + ^ / dt' Mt')M k * / dt" E k (t") 

47T K J-oo J-oo 
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oo 
2 ,t 



x e 
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c+q 
Mfcifc 2 

d 



2tt 



M fc , 7 fc - k 2 f dt' - Pim M mn Jn (t'] 

J —oo 



-Mk x k 2 p 



(6.1) 

where q e = 1, 2, . . . , Mkik 2 , £ = l,...,p, k = Mk\/k 2) and the topological components 
ji(t) and of the sources are given in (5.5) and ( |5.6|) . The wavefunctions (|6.1| ) span a 

finite-dimensional Hilbert space and reduce to the wavefunctions of pure BF theory in the 
large- /c limit (as does the effective action (|2.9|) ), as anticipated since the coupling constant of 
the quantum field theory is 1/k. They represent the (exact) one-loop renormalization of the 
wavefunctions of the canonical quantum field theory (|1.2|) . 

The first exponential in ( |6.1|) represents the invariance of the physical states under local 
gauge transformations. It determines a one-dimensional projective representation of the local 
£7(1) x U{1) gauge group with 1-cocycle 



A[x',e , ] = ^E^X / (raW) + ^E^ 

27r a 27r b 



s b (t) k dt \Jz b (t) , 



(6.2) 
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where £ A°(7Vl3) ©A 1 (.M3). This cocycle mixes the local 1-form (particle) and 2-form 

(string) gauge degrees of freedom in a non-trivial way and thereby defines a twisted represen- 
tation of the local gauge group. This projective representation therefore differs significantly 
from those of usual topological gauge theories. The mixing term in ( |6.2| ) can be absorbed 
into a secondary gauge transformation ( |2.13| ), so that the physical states also naturally carry 
a representation of the secondary gauge symmetry. 

The next set of local contributions involving the solid angle functions & a b{t) represent 
the adiabatic topological linking numbers of the particle and string trajectories in Ai 3 and 
it endows the particle-string wavefunctions with fractional exchange statistics, i.e. when a 
particle of charge q a and a string of flux <fib are adiabatically rotated once around one another, 
the wavefunction acquires the phase 



a = e- 2 ***.* 1 (6.3) 
The wavefunctionals (|6.1| ) therefore carry, in addition to the local gauge symmetries, a one- 



dimensional unitary representation of the subgroup of the motion group of |T^, |8[] (the 
fundamental homotopy group of the particle-string quantum configuration space) consisting 
of the particle-string exchange holonomies. If M3 is homologically trivial then this is the 
full motion group of the space. When has non-trivial homology we will see that the full 
wavefunctions also carry a representation of the other part of the motion group associated 
with the windings of the particles and strings around the non-trivial homology cycles of .M3. 
Likewise, the set of local terms involving the intersection functions Twit) represent non- 
topological intersection numbers as well as the extrinsic geometry of the strings. They yield 
non-trivial phase factors in the wavefunctions arising from intersections and self-intersections 
of the worldsheets. They also provide a novel representation of the adiabatic limit of the 
Euler characteristic classes of the normal bundles of the string worldsheets. 

When the particle and string sources are fixed, the topological components of the wave- 
functions (|6.1J ) carry a twisted projective representation of the global gauge group Tq with 
1-cocycle 

(V, m l \ k,M) = -j- (^c e M re n r + d e m e + q e M r£ n r - ^-n r M re m e ^j (6.4) 

where (n, m) e Tq- The remaining components in (|6.1|) then yield a "topological duality" 
between representations of Tq, when we consider homologically non-trivial motions of the 
particles and strings. Consider the source configuration whereby the strings are fixed and the 
particles wind tk times, up to a time t, around the k th homology 1-cycle of M.3, 

f dt' Jk (t')=t k , f dt'Z k {t') = (6.5) 
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and then afterwards the particles are fixed and the strings wind s k times, up to a time t > t, 
around the k th homology 2-cycle of 



£ dt' Jk (t') = , J* dt' E k (t') = s k 



(6.6) 



The holonomies which arise from these configurations are taken into account by the functions 
<&ab{t) and Yfcf/(t). Modulo these holonomies, the wavefunctions ( |6.1| ) transform under these 
motions as 

K, 7; t] - £ [U(s, t)] gqi O, K, 7; -00] (6.7) 



where the unitary matrices 

2m 



U(s,t) 



in 



cxp 
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s k q K ) + ^—s k M M t t 



>q k -k 2 M M t t ,q' k 



(6.8) 



MM ^ ' k 

generate a (&i) p -dimensional projective representation of Tq- This representation is dual to 
the one in ( |5.42| ), in that the corresponding projective phase can be considered as the dual 
1-cocycle to 




s e ,t e ;k,M) = A 



M £k d k 
M ek c k 



-M ek n k ;l,M 



(6.9) 



A similar sort of topological duality has been exploited recently in [|39| to provide a deformed 
topological field theory interpretation of the phenomenon of mirror symmetry in string theory. 

This duality acts as both an S'-duality k <-> r, relating perturbative and non-perturbative 
regimes of the quantum field theory and interchanging electric charges with string fluxes in its 
spectrum, and also as a Poincare- Hodge duality relating non-trivial integer cohomology classes 
and homology classes. The corresponding algebra of the unitary operators (|6.8|) consists 
of those generators of the motion group of which are associated with windings of the 
particles and strings around the non-contractible cycles of .M3. Combining them with the 
local generators represented by the phases (|6. 3|) we obtain an intriguing representation of the 



'it 



S k f and t 



(m) 



S 



km- 



full motion group of Ai% which can be described as follows. Let s\ 
Then the operators 

&t = U(§®,0) , P m = u(0,t^) (6.10) 

are the generators of motions of the particles and strings associated with the £ th homology 
1-cycle and m th homology 2-cycle, respectively. The operators ( |6.10| ) together with (|6.3|) 
generate a (/ci) p -dimensional representation of the group of motions of the particle worldlines 
and string worldsheets in the 3-manifold .M3 with the relations 



(6.11) 
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where we have used ( |6.8| ). This is an abelian representation of the motion group which 
generalizes the presentation given in []3S] from R 3 to an arbitrary compact closed 3-manifold 
Note that in this representation the linking matrix of plays a crucial role. M kl is the 
identity matrix typically only for 3-manifolds .M3 which are product spaces. Thus the BF 
field theory also provides a natural way of defining the motion group of generic manifolds. 

The wavefunctions ( |6.1|) thus incorporate the topology of the underlying 3-manifold .M3 
(via their dependence on the linking matrix M ke ) and of its motion group (via the representa- 
tion (|6.11| )) in precisely the same way that the wavefunctions of ordinary BF field theory do. 
The only overall effect of the topological perturbation to the BF action is to incorporate a sort 
of non-topological holonomy factor for the intersections of the strings which is represented in 
the twisted local 1-cocycle ( |6.2|) and the intersection function Tw(t). The wavefunctions (|6.1|) 
do, however, represent the particle and string degrees of freedom in more symmetric fashion 
and naturally incorporate the first-stage reducible gauge symmetries of the topological field 
theory. 

The deformed BF theory thus yields quantum field theoretical representations for new 
sorts of smooth invariants of 3-manifolds. The quantum holonomies induced by these string- 
string terms could be relevant to the physics of systems which involve vortex strings [[U] 



|T3[,[T^|-[^T[]. In abelian Higgs field theories, where the charged particles are represented by 
dynamical scalar fields, the structures described in section 3 emerge as the leading orders of 
a large Higgs mass expansion. The present formalism, which involves non-dynamical point 
particles, naturally incorporates the particle-string Aharonov-Bohm phases [|17], extrinsic 



curvature terms [18|, [19] , and similar long-range string intersection interactions |L9| that have 
been discussed extensively in Higgs models. The emergence of smooth surface invariants in 
this topological field theory is intriguing in light of recent work [[1(J on observables in non- 
abelian BF theories which suggests that surface observables yield possibly new invariants 
of immersed surfaces in 4-manifolds. In the case of non-topological deformations of BF 
theory, these observables may be relevant to the quark confinement problem It would 
be interesting to generalize the topological deformation we have considered in this paper to 
the case of higher- dimensional BF theories and to see what sort of smooth invariants arise in 
these cases. This appears to be difficult to do within a general framework, as the given class of 
gauge-invariant marginal deformations depends crucially on the dimension of the underlying 
spacetime manifold. 
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